A theoretical procedure has been developed for the determination of internal and external electromagnetic fields that result from the interaction of a higher-order Gaussian beam with a homogeneous sphere. Specific calculations are performed for ͑1, 0͒, ͑0, 1͒, and ͑1, 1͒ mode Hermite-Gaussian beams and for doughnut mode beams of four different polarizations ͑radial, angular, arced, and helix͒. The effects of incident beam type on resonance excitation, and on the spatial distribution of the internal and nearsurface electromagnetic fields, are examined.
Introduction
The theoretical analysis of the electromagnetic interaction of a focused Gaussian ͑i.e., TEM 00 mode͒ laser beam with a homogeneous spherical particle has been a recent topic of active research interest. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] Applications of this research occur in a wide variety of areas of study including particle sizing, laser fusion, optical levitation, laser breakdown spectroscopy, and nonlinear optical sensing. However, in such applications it is not necessary that the laser operate in the TEM 00 mode. Operation at higher modes, under certain conditions, may prove advantageous. 13 A theoretical analysis of the interaction of spherical particles with higher-order Gaussian beams, as presented here, could be used to investigate such alternative procedures.
Although there has been extensive study of the interaction of a focused Gaussian beam with a sphere, the detailed theoretical analysis of the interaction of higher-order Gaussian beams with a sphere has been much more limited. In Ref. 10 , Kim and Lee outlined a method for generalizing their existing TEM 00 mode development to include higher-order Hermite-Gaussian beams, but did not present any results. Subsequently, Chang and Lee 14 used the method suggested in Ref. 10 to calculate the net force and torque exerted on a stratified sphere illuminated by a circularly polarized doughnut mode focused beam. In the following, the interaction of a homogeneous sphere with four different types of doughnut mode beam ͑radial, angular, arced, and helix͒ as well as with TEM 10 , TEM 01 , and TEM 11 mode beams are considered.
The procedure used for the analysis is the spherical particle arbitrary beam theory that was first introduced in Ref. 1 . As the name of the method implies, this approach is not limited to focused Gaussian beam illumination but is applicable for any incident monochromatic field for which the radial components of the electric and magnetic fields over the surface of the sphere are known. For example, the arbitrary beam theory has been used previously to determine the electromagnetic fields for a sphere illuminated by scattered light from an adjacent sphere, 15 a sphere in an evanescent field, 16 and a sphere with an embedded dipole source. 4 To apply the arbitrary beam theory for higher-order Gaussian beams, it is only necessary to develop accurate expressions for the electromagnetic-field components for each type of beam of interest.
Higher-Order Gaussian Beam Theory
In Ref. 17 , Davis developed third-order corrected paraxial expressions for the electric-field components of a TEM 00 mode focused beam. Subsequently, Bar-ton and Alexander 18 used the approach of Davis to develop complete electric-field and magnetic-field component expressions for a fifth-order corrected TEM 00
͑ x͒ mode ͑electric-field polarization in the x-axis direction, propagation in the z-axis direction͒ focused beam. The expressions of Barton and Alexander, 18 used here in third-order corrected form, have functional symmetry between the electric-field and magnetic-field components. As suggested in Refs. 10, 18, and 19, higher-order Hermite-Gaussian beam solutions can be derived by one performing transverse ͑i.e., x and y͒ derivatives of the TEM 00 ͑ x͒ mode solution. In symbolic form,
where is the nondimensionalized x coordinate ͑ ϭ x͞w 0 where w 0 is the beam waist radius͒ and is the nondimensionalized y coordinate ͑ ϭ y͞w 0 ͒. Appendix A contains third-order corrected expressions ͑taken from Ref. 18͒ for the electromagnetic components of a TEM 00 ͑ x͒ mode beam. Corresponding electromagnetic-field expressions for linearly polarized ͑1, 0͒, ͑0, 1͒, and ͑1, 1͒ mode beams can thus be derived straightforwardly from the equations given in Appendix A as follows:
Given in Appendix B are expressions for a linearly polarized TEM 00 mode beam with electric-field polarization in the y-axis direction. Expressions for the electromagnetic-field components of a circularly polarized TEM 00 mode beam can be determined by combining appropriately the x-axis and y-axis polarized solutions. For a left-handed ͑polarization direction rotates counterclockwise when facing the beam͒ circularly polarized beam,
Any Laguerre-Gaussian beam can be expressed in terms of a summation of Hermite-Gaussian beams. 20 Of particular interest here is the so-called doughnut mode ͑designated with the subscript dn͒. As demonstrated by Kogelnik and Lee, 21 
In Eq. ͑6͒, the radial doughnut mode has electric-field polarization in the cylindrical coordinate radial direction ͑and magnetic-field polarization in the cylindrical coordinate angular direction͒. In Eq. ͑7͒, the angular doughnut mode has electric-field polarization in the cylindrical coordinate angular direction ͑and magnetic-field polarization in the cylindrical coordinate radial direction͒. Equation ͑8͒ provides the arced doughnut mode that has electric-field polarization in the x direction along the x axis and in the y direction ͑and 180°out of phase͒ along the y axis ͑see, for example, Fig. 18 in Ref. 21͒. Equation ͑9͒ provides expressions for the left-handed helix doughnut mode. In this case, the dominant electric-field polarization is maintained in the x-axis direction, but the location of the maximum electric field rotates around the propagation axis ͑counterclockwise when facing the beam͒. The helix doughnut mode has been the subject of recent experimental investigations. 22, 23 Figures 1-4 provide a comparison of the calculated intensity distribution for the different types of focused beams. For each case, the beam waist radiusto-wavelength ratio is assumed to be 6.10 ͑s ϭ 1͞kw 0 ϭ 0.026͒. Figure 1 shows the familiar bell-shaped
2 ϭ 0͒ of a TEM 00 ͑Gaussian͒ beam. The intensity distribution of the linearly polarized TEM 00 ͑ x͒ mode beam ͑as given by the expressions in Appendix A͒ and the intensity distribution of the left-handed circularly polarized TEM 00 ͑lcir͒ mode beam ͓as defined by Eq. ͑5͔͒ are the same. Figure 2 presents, for the otherwise identical conditions as in Fig. 1 , the intensity distribution for the TEM 01 ͑ x͒ mode focused beam. The two maximum intensity peaks occur along the axis ͑ y axis͒ at ϭ Ϯ0.707. The intensity distribution for the TEM 10 ͑ x͒ mode ͑not shown͒ is the same as for the TEM 01 ͑ x͒ mode except that the two maximum intensity peaks occur along the axis ͑ x axis͒ at ϭ Ϯ0.707. The intensity distribution for the TEM 11 ͑ x͒ mode is given in Fig. 3 . For the TEM 11 ͑ x͒ mode, the four peaks of maximum intensity occur at the four combinations of ͑, ͒ ϭ ͑Ϯ0.707, Ϯ0.707͒.
The intensity distribution of the doughnut mode beam is given in Fig. 4 . The intensity distributions of the four types of doughnut mode beams ͑radial, angular, arced, and helix͒ are the same. The maximum intensity for the doughnut mode occurs at a radius of ϭ ͑ 2 ϩ 2 ͒ 1͞2 ϭ 0.707 from the propagation ͑ z͒ axis. Each of the beams described by Figs. 1-4 has the same total power ͑the total power is calculated by taking the integral of S z dd over the cross section of the beam͒.
Spherical Particle Arbitrary Beam Theory
Details of the spherical particle arbitrary beam theory are given in Refs. 1 and 3. Only the prerequisite essentials are given here. The electromagnetic interaction of a known incident monochromatic field ͑plane wave, focused beam, etc.͒ with a homogeneous sphere located within a homogeneous infinite medium is considered. Both the sphere and the external medium are nonmagnetic ͑ ϭ 1͒, and an implicit time dependence of exp͑Ϫiwt͒ is assumed. A spherical coordinate separation-of-variables solution is performed and the electromagnetic-field components are expressed in terms of series expansions over corresponding radial mode ͑integer l index͒ and angular mode ͑integer m index͒ eigenfunctions. Electromagnetic-field quantities are normalized relative to an electric-field amplitude associated with the incident field ͑E 0 ͒, and spatial quantities are normalized relative to the radius of the sphere ͑a͒. Important parameters for the analysis include the particle-size parameter ͑␣ ϭ 2a͞ ext ͒, the relative index of refraction of the sphere ͓n ϭ ͑⑀ int ͞⑀ ext ͒ 1͞2 ͔, the dielectric constant of the external medium ͑⑀ ext ͒, and the various parameters associated with the orientation and character of the incident field. For a focused beam propagating in the ϩz-axis direction, this would include the beam waist radius ͑w 0 ϭ w 0 ͞a͒ and the location of the beam focal point relative to the center of the sphere ͑ x 0 , ỹ 0 , z 0 ͒.
The series expansion coefficients for the scattered field ͑a lm , b lm ͒ and the series expansion coefficients for the internal field ͑c lm , d lm ͒ are related to the incident-field coefficients ͑ A lm , B lm ͒ by the following relationships 1, 3, 16 :
In Eqs. ͑10͒-͑13͒, l ͑1͒ ϭ l Ϫ i l where l and l are the Riccati-Bessel functions. The ͑ A lm , B lm ͒ Fig. 2 . Intensity distribution at the focal point of a TEM 01 mode beam. The beam waist radius-to-wavelength ratio ͑w 0 ͒͞ is 6.10. incident-field coefficients are, in turn, determined by one integrating the appropriately weighted values of the radial electric and radial magnetic-field components of the ͑assumed known͒ incident field ͑E ͑i͒ , H ͑i͒ ͒ over the surface of the sphere ͑r ϭ a͒.
B lm ϭ 1
where Y lm is the spherical harmonic function. The procedure for calculating the electromagnetic fields for a sphere with higher-order Gaussian beam illumination is thus as follows. With the analytical expressions developed in Section 2 to determine the radial electric-field and radial magnetic-field components of the incident field at the surface of the sphere, the incident-field coefficients ͑ A lm , B lm ͒ are evaluated by one performing numerically the surface integrations of Eqs. 
Resonance Excitation
The excitation of spherical particle resonance with linearly polarized Gaussian-focused beams has been considered previously. 2, 8 It was found that electric wave ͑transverse magnetic͒ resonances were excited most strongly when the focal point of the Gaussian beam was oriented at the edge of the sphere with the electric-field polarization perpendicular to the sphere surface. In contrast, magnetic wave ͑transverse electric͒ resonances were excited most strongly when the focal point of the Gaussian beam was oriented at the edge of the sphere with the electric-field polarization parallel to the sphere surface. In the following, the excitation of sphere resonances with higher-order Gaussian beam illumination is investigated.
Resonance excitation in a spherical particle is characterized by a significant increase in internal electromagnetic energy. Internal electromagnetic energy can thus be used as a means to quantify resonance excitation. 4, 12 The time-averaged electromagnetic energy density at a point in space ͑ ϭ 1͒ is given by 4 
Uٞ ϭ
͓Note: As pointed out by one reviewer, Eq. ͑16͒ is strictly applicable only for a nondispersive medium. See, for example, Ref. 24 . Possible effects of dispersion on the electromagnetic energy density are neglected here.͔ The total time-averaged electromagnetic energy within a spherical particle thus can be determined by a volumetric integration 4 :
͑U has been nondimensionalized relative to a 3 E 0 2 .͒ The numerical integration of Eq. ͑17͒ can be avoided, however, by one substituting the series expansions for ͓E ͑w͒ , H ͑w͒ ͔ and performing the integration analytically. The results are as follows. 4 Let n R ϭ Re͑n ͒ and n I ϭ Im͑n ͒. If n I 0,
If n I ϭ 0, then n ϭ n and U ϭ 1 16 Figure 5 shows, for a range of size parameters from 36 to 40, the calculated internal electromagnetic energy for a plane-wave incident on a sphere with n ϭ 1.33 ͑i.e., nonabsorbing͒ and ⑀ ext ϭ 1.00 ͑⑀ ext ϭ 1.00 is assumed for all subsequent calculations͒. The peaks in U correspond to resonances that, in turn, can each be identified with an increased value of a particular radial mode of a c lm ͑electric wave͒ or d lm ͑magnetic wave͒ series coefficient. For this investigation, the 45th radial mode, first-order ͑i.e., first occurrence͒ magnetic wave resonance ͑␣ ϭ 38.10616͒, the 45th radial mode, first-order electric wave resonance ͑␣ ϭ 38.52481͒, and an in-between nonresonance case ͑␣ ϭ 38.31549͒ were considered.
For each of the various beam types, the internal electromagnetic energy was calculated for the magnetic wave resonance, nonresonance, and electric wave resonance conditions. The results are given in Table 1 . On-center focusing ͑ x 0 ϭ ỹ 0 ϭ z 0 ϭ 0͒ was assumed, and the power of each beam was identical. A beam waist radius of 1.414a ͑w 0 ϭ 1.414͒ was used for all except the ͑1, 1͒ mode beam. A beam waist radius of 1.414a was chosen so that, with on-center focusing, the maximum intensity locations of the ͑1, 0͒ mode, ͑0, 1͒ mode, and the doughnut mode beams would occur at the edge of the sphere ͑at r ϭ a͒. For the ͑1, 1͒ mode, a beam waist radius of 1.000a was used for the same purpose.
As can be seen in Table 1 , the linearly polarized Gaussian beam ͓TEM 00 ͑ x͒ ͔ excites both the magnetic wave and electric wave resonances to approximately the same ratio as for plane-wave incidence. The circularly polarized Gaussian beam ͓TEM 00 ͑lcir͒ ͔ produces internal electromagnetic energy values identical to those of the linearly polarized Gaussian beam. The TEM 10 ͑ x͒ beam excites the electric wave resonance more strongly than the magnetic wave resonance ͑and more strongly than the TEM 00 ͑ x͒ beam͒, whereas the TEM 01 ͑ x͒ beam excites the magnetic wave resonance more strongly than the electric wave resonance ͓and more strongly than the TEM 00 ͑ x͒ beam͔. This is consistent with the findings of Ref. 2 because, for the TEM 10 ͑ x͒ beam, the incident intensity is concentrated at the edge of the sphere with the electric-field polarization perpendicular to the sphere surface, and because, for the TEM 01 ͑ x͒ beam, the incident intensity is concentrated at the edge of the sphere with the electric-field polarization parallel to the sphere surface. The TEM 11 ͑ x͒ beam excites both the electric and magnetic wave resonances to a ratio approximately the same as for plane-wave illumination and more strongly than the TEM 00 ͑ x͒ beam. The TEM 11 ͑ x͒ beam has its intensity concentrated at the edge of the sphere with the electric-field polarization at 45°to the sphere surface, which results in excitation of both the electric and magnetic wave resonances.
The TEM dn ͑rad͒ ͑radial doughnut͒ beam, with intensity concentration around the edge of the sphere and with electric-field polarization in the cylindrical coordinate radial direction ͑perpendicular to the surface of the sphere͒, strongly excites the electric wave resonance but not the magnetic wave resonance. In contrast, the TEM dn ͑ang͒ ͑angular doughnut͒ beam, with intensity concentration around the edge of the sphere and with electric-field polarization in the cylindrical coordinate angular direction ͑parallel to the surface of the sphere͒, strongly excites the magnetic wave resonance but not the electric wave resonance. The TEM dn ͑lhel͒ ͑helix doughnut͒ and the TEM dn ͑arc͒ ͑arced doughnut͒ beams, with mixed perpendicular and parallel electric-field polarization over the surface of the sphere, excite both the magnetic wave and electric wave resonances to approximately the same ratio as plane-wave illumination.
Internal and Near-Field Distributions
Once the series coefficients ͑a lm , b lm , c lm , d lm ͒ have been determined, the electromagnetic field anywhere internal to or external to the sphere can be calculated. Figures 6 -13 demonstrate the effects of beam type on the internal and near-field normalized source function ͑S ϭ ͉E͉ 2 ͞E 0 2 ͒ distribution. The effects of beam type on far-field scattering patterns will be considered in a later paper. Figure 6 shows the source function distribution in the x and y plane ͑Ϫ1.5 Ͻ x Ͻ ϩ1.5, Ϫ1.5 Ͻ ỹ Ͻ ϩ1.5͒ for a linearly polarized Gaussian ͓TEM 00 ͑ x͒ ͔ beam incident upon a spherical particle. The conditions are the same as used in Section 4 ͑propagation in the z-axis direction, on-center focusing, n ϭ 1.33, and w 0 ϭ 1.414͒. The TEM 00
͑ x͒ mode beam results in a focusing effect along the center line of the sphere. In contrast, the TEM 01 ͑ x͒ beam, as shown in Fig. 7 , produces a concentration of electric-field energy at the edges of the sphere along the y axis. The source function distribution for TEM 11 ͑ x͒ illumination ͑w 0 ϭ 1.000 for this case͒ is given in Fig. 8 . For TEM 11 ͑ x͒ incidence, there are four equally spaced regions of concentrated electric-field energy around the circum- ference of the sphere. The same data of Fig. 8 are shown as a gray-level visualization in Fig. 9 . Figure  9 , with the boundary of the sphere drawn in as a gray circle, shows that each lobe of the TEM 11 ͑ x͒ beam is partially refracted into the sphere and partially reflected away from the sphere. Figure 10 shows the source function distribution for the left-helix doughnut mode beam ͑the distributions for the other doughnut mode beam types exhibit similar primary features͒. For the helix doughnut mode, there is little on-center focusing, and the electric-field energy is concentrated continuously around the circumference of the sphere.
Figures 6 -10 show the nonresonance condition for which ␣ ϭ 38.31549. Figure 11 presents the source function distribution, for the otherwise same conditions as Fig. 10 ͑on-center, helix doughnut mode illumination͒, for the electric wave resonance case ␣ ϭ 38.52481. As can be seen in Fig. 11 , for the electric wave resonance condition, the source function is excited strongly near the edge of the sphere where the incident electric-field polarization is perpendicular to the sphere surface ͑along the x axis͒. For the corresponding magnetic wave condition ͑␣ ϭ 38.10616, not shown͒, it was found, as expected, 2 that the source function is strongly excited near the edge of the sphere where the incident electric-field polarization is parallel to the sphere surface ͑along the y axis͒.
Although the calculations presented here so far have been for on-center focusing ͑ x 0 ϭ ỹ 0 ϭ z 0 ϭ 0͒, this is not a necessary condition. The focal point of the incident beam can be positioned anywhere internal to or external to the sphere. As an example ͑in comparison with the corresponding on-center focusing distribution that was given in Fig. 8͒, Fig. 12 shows the source function distribution for a TEM 11 ͑ x͒ ͑ x͒ beam incident upon a sphere at nonresonance. ␣ ϭ 38.31549, n ϭ 1.33 ͑ x 0 ϭ ỹ 0 ϭ z 0 ϭ 0͒, and w 0 ϭ 1.000. Fig. 9 . Gray-level visualization ͑white is high, black is low, the circular sphere boundary is shown in gray͒ of source function distribution in the x and y plane for a TEM 11 ͑ x͒ beam incident upon a sphere at nonresonance. ␣ ϭ 38.31549, n ϭ 1.33 ͑ x 0 ϭ ỹ 0 ϭ z 0 ϭ 0͒, and w 0 ϭ 1.000. mode beam ͑w 0 ϭ 1.000͒ focused at half a radii along the x axis from the center of the sphere ͑ x 0 ϭ 0.5, ỹ 0 ϭ z 0 ϭ 0͒. The same data of Fig. 12 are shown as a gray-level visualization in Fig. 13 .
Summary
A procedure has been developed and demonstrated for the determination of the electromagnetic fields for a higher-order Gaussian beam incident upon a sphere. Calculations have been presented that illustrate the significant effects that beam type can have on resonance excitation and on internal and near-surface electromagnetic-field distributions. The effects of higher-order Gaussian beams on farfield scattering will be included in a later paper.
Finally, the higher-order Gaussian beam expressions developed in Section 2 can be incorporated straightforwardly into other previously developed arbitrary incident-field theories as well. This would include higher-order Gaussian beam illumination of two adjacent spheres, 15 irregularly shaped axisymmetric particles, 25 irregularly shaped layered axisymmetric particles, 26 and spheroidal ͑either prolate or oblate͒ particles. 27 Appendix A: Third-Order Expressions for TEM 00 ͑x͒ Third-order expressions for the electromagnetic-field components of a linearly polarized, fundamental mode Gaussian beam with dominant electric-field polarization in the x direction are given in Eqs. ͑A1͒-͑A6͒. The focal point is located at the coordinate origin, and the beam propagates along the z axis in Fig. 10 . Source function distribution in the x and y plane for a TEM dn ͑lhel͒ ͑helix doughnut͒ beam incident upon a sphere at nonresonance. ␣ ϭ 38.31549, n ϭ 1.33 ͑ x 0 ϭ ỹ 0 ϭ z 0 ϭ 0͒, and w 0 ϭ 1.414. Fig. 11 . Source function distribution in the x and y plane for a TEM dn ͑lhel͒ ͑helix doughnut͒ beam incident upon a sphere at electric wave resonance. ␣ ϭ 38.52481, n ϭ 1.33 ͑ x 0 ϭ ỹ 0 ϭ z 0 ϭ 0͒, and w 0 ϭ 1.414. Fig. 12 . Source function distribution in the x and y plane for a TEM 11 ͑ x͒ beam incident upon a sphere at nonresonance with offcenter focusing. ␣ ϭ 38.31549, n ϭ 1.33 ͑ x 0 ϭ 0.5, ỹ 0 ϭ z 0 ϭ 0͒, and w 0 ϭ 1.000. Fig. 13 . Gray-level visualization ͑white is high, black is low, the circular sphere boundary is shown in gray͒ of source function distribution in the x and y plane for a TEM 11 ͑ x͒ beam incident upon a sphere at nonresonance with off-center focusing. ␣ ϭ 38.31549, n ϭ 1.33 ͑ x 0 ϭ 0.5, ỹ 0 ϭ z 0 ϭ 0͒, and w 0 ϭ 1.000.
